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Erik G. Larsson, Fellow, IEEE
Abstract—The achievable rates are investigated for multi-
cell multi-user massive multiple-input multiple-output (MIMO)
systems with underlay spectrum sharing. A general pilot sharing
scheme and two pilot sequence designs (PSDs) are investigated
via fully-shared (PSD-1) and partially-shared (PSD-2) uplink
pilots. The number of simultaneously served primary users
(PUs) and secondary users (SUs) in the same time-frequency
resource block by the PSD-1 is higher than that of PSD-2. The
transmit power constraints for the SUs are derived to mitigate the
secondary co-channel interference (CCI) inflicted at the primary
base-station (PBS) subject to a predefined primary interference
temperature (PIT). The optimal transmit power control coef-
ficients for the SUs with max-min fairness, and the common
achievable rates are derived. The cumulative detrimental effects
of channel estimation errors, CCI and intra-cell/inter-cell pilot
contamination are investigated. The secondary transmit power
constraint and the achievable rates for the perfect channel state
information (CSI) case become independent of the PIT when
the number of PBS antennas grows unbounded. Therefore, the
primary and secondary systems can be operated independent
of each other as both intra-cell and inter-cell interference can
be asymptotically mitigated at the massive MIMO PBS and
secondary base-station (SBS). Nevertheless, the achievable rates
and secondary power constraints for the imperfect CSI case with
PSD-1 are severely degraded due to the presence of intra-cell
and inter-cell pilot contamination. These performance metrics
depend on the PIT even in the asymptotic PBS antenna regime.
Hence, the primary and secondary systems can no longer be
operated independently for imperfect CSI with PSD-1. However,
PSD-2 provides achievable rate gains over PSD-1 despite the
requirement of lengthier pilot sequences of the former than that
of the latter.
Index Terms—Massive MIMO and underlay spectrum-sharing
I. INTRODUCTION
Massive multiple-input multiple-output (MIMO) serves
many spatially distributed user nodes simultaneously in the
same time-frequency resource block by using aggressive spa-
tial multiplexing techniques with linear precoders/detectors
[2]. Moreover, massive MIMO can provide not only unprece-
dented spectral and energy efficiency gains, but also robust
withstanding to the detrimental effects of inter-user/inter-cell
co-channel interference (CCI) [2], [3]. Hence, massive MIMO
has been identified as one of the key enabling technologies for
the next-generation wireless standards [4].
Cognitive radio systems can be used to mitigate the radio-
frequency (RF) spectrum underutilization and hence to cir-
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cumvent the issues of spectrum scarcity in the next-generation
wireless systems [5]. Cognitive radios leverage the concept
of opportunistic utilization of the spectrum, in which the
licensed spectrum of the primary systems can be accessed and
utilized by the unlicensed secondary systems without causing
detrimental CCI [5]–[9]. The cognitive radios can access the
licensed spectrum of the primary system opportunistically
by using underlay, overlay and interweave spectrum sharing
techniques [10]. Specifically, in underlay spectrum sharing
cognitive radios, the secondary users (SUs) concurrently com-
municate by accessing the same licensed spectrum of the
primary users (PUs) under a predefined peak transmit power
constraint [10]. This peak transmit power constraint protects
the primary systems by maintaining the detrimental CCI in-
flicted at the primary receivers to an acceptable level, which is
less than a predefined primary interference temperature (PIT)
[11].
Prior related research: In [6]–[9], conventional MIMO tech-
niques with small antenna arrays at the base-stations (BSs) are
exploited to boost the achievable diversity order or/and spatial
multiplexing gains of cognitive radios with spectrum sharing
techniques subject to the fundamental diversity-rate trade-off.
Recently, massive MIMO techniques have been investigated
for cognitive radios with underlay spectrum sharing [12]–[22].
In [12], the performance of a path-loss inversion based power
control is investigated for a random massive MIMO cognitive
secondary system underlaid upon another random primary
system. In [13], the secondary interference for a random
cognitive massive MIMO system is characterized by investi-
gating pilot contamination, path-loss-inversion power control,
receiver association policies, and spatially random nodes. In
[12], [13], a Matern cluster process is used for positioning the
secondary nodes, whereas a homogeneous Poisson point pro-
cess is employed for the primary system. In [14], the downlink
achievable rate of a secondary massive MIMO system, which
is underlaid in a multi-user primary massive MIMO system,
is investigated. The BSs of the system set-up in [14] employ
the maximum ratio transmission (MRT) and the achievable
rate of a single-user, which is selected opportunistically, is
derived. In [15], underlay single-user massive MIMO cognitive
radio systems are investigated, and thereby, pilot decontami-
nation techniques are proposed to asymptotically mitigate the
residual interference. Reference [16] investigates a reciprocity-
based cognitive radio beamforming technique by exploiting the
cross-link channel estimation through a per-user reciprocity-
calibration scheme. In [17], the wireless energy harvesting for
cognitive massive MIMO systems is studied by deriving the
fundamental energy-rate trade-off. In [18], [19], the achievable
secrecy rates of single-cell cognitive massive MIMO systems
with passive/active eavesdroppers are investigated. In [20],
2[21], the achievable rates of cognitive MIMO relay systems
with underlay spectrum sharing are derived, and thereby, the
detrimental effects of inter/intra cell pilot contamination are
investigated. In [22], relay selection strategies for maximizing
the achievable rates of cognitive massive MIMO two-way relay
networks are investigated for perfect channel state information
(CSI). Moreover, in [22], the asymptotic signal-to-noise-plus-
interference ratio (SINR) is derived, and thereby, asymptotic
achievable rates are derived for the best relay selection.
Motivation: The motivation of this work can be summarized
as follows: The aforementioned research [12]–[18], [20]–
[22] on spectrum sharing massive MIMO systems investigates
the downlink transmission of single-cell secondary systems.
Nevertheless, the uplink transmissions of multi-cell multi-user
massive MIMO secondary systems, which are underlaid in
multi-cell multi-user primary massive MIMO systems have
not yet been investigated in the open literature. Even for the
cognitive massive MIMO downlink, the impact of practical
transmission impairments such as the intra/inter-cell pilot
contamination, CCI and channel estimation errors have not
yet been investigated in the context of multi-cell deployments.
Moreover, all prior related references [12]–[17], [20], [22]
investigate the asymptotic performance metrics for infinitely
many antennas at the primary base-station (PBS) and sec-
ondary base-station (SBS). Hence, the achievable rates, which
are valid even in finitely many PBS/SBS antennas, have not
yet been investigated for the imperfect CSI case. Thus, this
paper fills these gaps in cognitive massive MIMO literature
by investigating the performance of the multi-cell multi-user
cognitive massive MIMO uplink with estimated/imperfect CSI,
and thereby, the quantifying the detrimental effects of practical
transmission impairments.
Our contribution: The technical contribution of this work
can be summarized as follows: The PUs-to-PBS and SUs-to-
SBS channels are estimated by using a general pilot sharing
scheme and two pilot sequence designs (PSDs) designed
based on fully-shared and partially-shared pilots sent by the
PUs and SUs. In PSD-1, non-orthogonal pilot sequences are
allocated for PUs and SUs in all L co-channel cells. In PSD-2,
orthogonal pilot sequences are allocated for PUs and SUs in
the same cell, and non-orthogonal pilot sequences used in L−1
co-channel cells. The secondary transmit power constraints of
SUs are derived for finite and infinite PBS antenna regimes
for the purpose of underlay massive MIMO spectrum sharing.
Moreover, the achievable rates for the PUs and SUs are
derived for PSD-1 and PSD-2 by exploring three antenna
configurations at the PBS and SBS. Thereby, the sum rate
losses due to detrimental effects of channel estimation errors,
CCI and intra/inter-cell pilot contamination are investigated
and compared against the genie-aided perfect CSI case. An
optimal transmit power control scheme for the SUs is designed
based on max-min fairness criterion. Thereby, the optimal
transmit power allocation coefficients and the optimal common
SU rates are derived in closed-form.
Design insights: Our analysis for the perfect CSI case reveals
that the performance metrics become independent of the PIT
when the number of PBS antennas grows without bound. Con-
sequently, the underlay spectrum-sharing secondary system
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Fig. 1. Cognitive multi-user MIMO system with underlay spectrum sharing.
can be operated at its peak average transmit power level as the
secondary CCI inflicted at the PBS can be asymptotically miti-
gated. Moreover, the detrimental effects of CCI at both primary
and secondary systems due to the concurrent transmissions in
the L− 1 co-channel cells can be asymptotically mitigated in
the limit of infinitely many PBS and SBS antennas. Neverthe-
less, when the pilot sequences are partially/fully reused in the
PUs and SUs in co-channel cells, the aforementioned claims
become invalid, and hence, primary and secondary systems can
no longer be operated independently. Thus, the corresponding
performance gains promised by the perfect CSI case diminish
for two cases of more practically viable PSDs. Specifically,
if the same pilot sequences are reused among PUs and SUs
in all L cells, then the achievable sum rates are severely
degraded by the residual interference due to cumulative effects
of intra/inter-cell pilot contamination even in the limit of
infinitely many PBS/SBS antennas. However, the severity of
intra-cell pilot contamination effects can be circumvented by
using orthogonal pilot sequences among PUs and SUs within
the same cell. On the contrary, the pilot sequence length of
PSD-1 is shorter than that of PSD-2. Thus, the number SUs
and PUs that can be served simultaneously in the same time-
frequency resource block by the PSD-1 is higher than that
of PSD-2. Hence, by using our analysis, this fundamental
trade-off between the number of served PUs/SUs and their
achievable rates is investigated. The optimal transmit power
control coefficients depend only on the long-term channel
statistics, and hence, the proposed power control can be
readily employed at SUs/PUs despite not having access to
the instantaneous CSI. Our analysis/numerical results reveal
that massive MIMO can be exploited to significantly boost
the achievable rates of multi-cell multi-user cognitive systems
with underlay spectrum sharing.
Notation: Z∗, ZT , ZH , and [Z]k,l denote the conjugate,
transpose, conjugate transpose, and the (k, l)th element of a
matrix Z, respectively. E[z] is the expected value of z, and
⊗ denotes the Kronecker product. E1(z) is the exponential
integral for the positive values of the real part of z. The
notation Z˜ ∼ CNm×n (0m×n, Im ⊗ In) denotes that the
elements of m × n matrix Z˜ are independent and circularly
symmetric complex Gaussian distributed with zero mean and
unit variance.
3II. SYSTEM, CHANNEL, AND SIGNAL MODEL
A. System and channel model
We consider a multi-user cognitive MIMO network with
underlay spectrum sharing having L co-channel cells (see Fig.
1). Each cell consists of a licensed primary multi-user massive
MIMO system and a multi-user secondary system, which
shares the same licensed frequency spectrum by exploiting
the cognitive underlay spectrum sharing concepts [10]. The
primary system consists of K spatially-distributed single-
antenna PUs and an NP -antenna PBS. The secondary system
consists of M single-antenna SUs and an NS-antenna SBS.
The ratio between the numbers of antennas at the PSB and
SBS is defined as β = NP /NS , where NP > K and
NS > M . The primary and secondary uplink transmissions
are assumed to be synchronized perfectly to prevent undesired
PU-SU interference.
For the sake of brevity of exposition, we consider the
channel model of the lth cell, where l ∈ {1, · · · , L}. The
channel between the PUs in the ith cell and the PBS in the
lth cell is denoted by Fli, where i ∈ {1, · · · , L}. The channel
between the SUs in the ith cell and the SBS in the lth cell
is denote by Gli. The interference channel between the PUs
in the ith cell and the SBS in the lth cell is denoted by Uli.
Moreover, the interference channel between the SUs in the ith
cell and the PBS in the lth cell is denoted by Vli. These four
channels can be modeled in a unified form as
Hli = H˜liD
1/2
Hli
, (1)
where H˜li ∼ CNm×n (0m×n, Im ⊗ In) captures the inde-
pendent, quasi-static Rayleigh fading. The n × n diagonal
matrix DHli = diag(ζHli,1 , · · · , ζHli,n) accounts for the
large-scale fading including path-loss and shadowing. In (1),
H ∈ {F,G,U,V}, and the tuple {m,n} corresponding to the
channel matrices F, G, U, and V are defined by {NP ,K},
{NS ,M}, {NS ,K}, and {NP ,M}, respectively. The kth
diagonal element of DHli for H ∈ {F,G,U,V} is denoted
by ζHli,k and is used to denote the path-loss and shadowing
between the kth PU/SU in the ith cell and any antenna at the
PBS/SBS in the lth cell. In modeling DHli , it is assumed that
the PUs/SUs are spatially-distributed, and multiple-antennas at
the BSs are co-located [2], [3]. Hence, the large-scale fading
coefficients between a specific PU/SU and any antenna at the
PBS/SBS is the same. The large-scale fading coefficients are
assumed to be known a prior as they change very slowly,
and this is a common assumption in massive MIMO literature
[2], [3]. Thus, they need to be estimated once about every 40
coherence time intervals for a typical urban wireless channel
model [23].
B. Channel state information acquisition
In practice, a certain portion of the coherence interval
having τC symbols are used for uplink channel training.
During the uplink training phase, all PUs/SUs send pilots
to the BSs [2], [3]. Then, these pilot sequences are used to
estimate the channel matrices Fll and Gll at the PBS and SBS,
respectively.
First, a general pilot sharing strategy is presented, and
thereby, two special PSDs are investigated. To this end, we
assume that a number of pilots defined by Q ≤ min(K,M) is
shared among PUs and SUs in each cell, and then, the same
pilot assignment is reused in all L co-channel cells. Thus, ΦP
and ΦS can be modeled as1
ΦP =
[
Φ; Φ˜p
]
and ΦS =
[
Φ; Φ˜s
]
, (2)
where Φ ∈ CQ×τp denotes the shared pilot sequences by Q
PUs and Q SUs having a length of τp symbols. Moreover,
Φ˜p ∈ C(K−Q)×τp is the set of pilot sequences assigned to
the remaining K − Q PUs. Here, τp ≥ max(K,M) = Umax
is the pilot sequence length measured in symbol durations.
Similarly, Φ˜s ∈ C(M−Q)×τp is assigned to remaining M −Q
SUs. The orthogonality property among these pilot sequences
is defined as ΦΦ˜Hp = 0, ΦΦ˜
H
s = 0 and Φ˜sΦ˜
H
p = 0 because
K+M−Q number of pilot sequences are used. Thus, ΦPΦHS
can be derived as
ΦSΦ
H
P =
[
IQ 0Q×(K−Q)
0(M−Q)×Q 0(M−Q)×(K−Q)
]
= I˜M×K . (3)
The received pilot signal at the PBS in the lth cell can be
written as
YPl =
√
τPUFllΦP︸ ︷︷ ︸
desired pilots
+
√
τPU
L∑
i=1,i 6=l
FliΦP︸ ︷︷ ︸
inter-cell PU pilot contamination
+
√
τPUVllΦS︸ ︷︷ ︸
intra-cell SU pilot contamination
+
L∑
i=1,i 6=l
√
τPUVliΦS︸ ︷︷ ︸
inter-cell SU pilot contamination
+ NPl︸︷︷︸
AWGN
, (4)
where PU is the average transmit power of each PU and SU
and NPl is additive white Gaussian noise (AWGN) matrix at
the lth cell PBS having i.i.d. CN (0, 1) elements. Similarly, the
received pilot signal at the SBS in the lth cell is written as
YSl =
√
τPUGllΦS︸ ︷︷ ︸
desired pilots
+
√
τPU
L∑
i=1,i 6=l
GliΦS︸ ︷︷ ︸
inter-cell SU pilot contamination
+
√
τPUUliΦP︸ ︷︷ ︸
intra-cell PU pilot contamination
+
L∑
i=1
√
τPUUliΦP︸ ︷︷ ︸
inter-cell PU pilot contamination
+ NSl︸︷︷︸
AWGN
, (5)
where NSl is the AWGN matrix at the lth cell SBS having
i.i.d. CN (0, 1) elements.
The PBS and SBS perform a de-spreading operation by cor-
relating the received pilot signal with the same pilot sequences
ΦP and ΦS , respectively, as follows:
YPl =
1√
p0
Y′PlΦ
H
P = Fll +
L∑
i=1,i6=l
Fli +
L∑
i=1
VliI˜ +
NFll√
p0
, (6a)
YSl =
1√
p0
Y′SlΦ
H
S = Gll +
L∑
i=1,i 6=l
Gli +
L∑
i=1
UliI˜
H+
NGll√
p0
, (6b)
where p0 = τpPU , NFll = NPlΦ
H
P and NGll = NSlΦ
H
S .
Next, minimum mean square-error (MMSE) channel esti-
mates at the PBS and SBS are derived for two PSDs, which
are special cases of the general pilot sharing scheme.
1Here, the subscript l is omitted for the sake of notational simplicity as the
same pilot assignment is reused in all L co-channel cells.
41) Pilot sequence design-1 (PSD-1): The MMSE channel
estimates for PSD-1 with K 6= M can be obtained by letting
Q = min(K,M) = Umin. On one hand, if K < M then the
orthogonal pilots assigned for K PUs are shared among K
SUs, while M −K remaining SUs are assigned with pilots,
which are orthogonal to those used by K PUs/SUs. On the
other hand, if K > M , then the orthogonal pilots allocated
for M SUs are shared among M PUs, while K−M remaining
PUs are allocated with pilots, which are orthogonal to those
used by M PUs/SUs. This pilot assignment is reused in all L
co-channel cells. Thus, PSD-1 requires only τ1 ≥ max (K,M)
pilots and represents the worst-case scenario in terms of
inter/intra-cell pilot contamination. By using (4), the MMSE
estimate of Fll can be derived as [3], [24]
Fˆll =
1√
p0
YPlΦ
H
P
(
L∑
i=1
(
DFli+D˜Vli
)
+
IK
p0
)−1
DFll
=
(
L∑
i=1
(
Fli+V˜li
)
+
NFll√
p0
)(
L∑
i=1
(
DFli+D˜Vli
)
+
IK
p0
)−1
DFll ,(7)
where V˜li = VliI˜ ∈ CNP×K and D˜Vli = I˜HDVli I˜ ∈ CK×K ,
respectively. In (7), Fll, V˜li and NFll are statistically inde-
pendent. By letting EFll be the estimation error matrix, the
true channel Fll can be written in terms of its estimate Fˆll as
Fll = Fˆll + EFll , (8)
where Fˆll and EFll are independent due to orthogonality
principle of MMSE estimation [24]. The rows of Fˆll and EFll
are mutually independent and distributed as CN (0, DˆFll) and
CN (0,DFll − DˆFll), respectively. The kth diagonal element
of the diagonal matrix DˆFll can be derived as [3], [24]
σ2
Fˆll,k
=
ζ2Fll,k∑L
i=1(ζFli,k + IkζVli,k) + 1/p0
, (9)
where Ik = 1 for 1 ≤ k ≤ Q, and Ik = 0 otherwise.
By following steps similar to those used for (7), the MMSE
estimate of Gll can be derived as
Gˆll =
(
L∑
i=1
(
Gli + U˜li
)
+
NGll√
p0
)
×
(
L∑
i=1
(
DGli + D˜Uli
)
+
IM
p0
)−1
DGll , (10)
where U˜li = UliI˜H ∈ CNS×M and D˜Uli = I˜DUli I˜H ∈
CM×M , respectively. Both Gll and NGll in (10) are sta-
tistically independent [24]. The true channel Gll can be
decomposed into its MMSE estimate Gˆll and estimation error
EGll as
Gll = Gˆll + EGll , (11)
where Gˆll and EGll are independent [24]. The rows of Gˆll and
EGll are mutually independent and distributed as CN (0, DˆGll)
and CN (0,DGll − DˆGll), respectively. The mth diagonal
element of the diagonal matrix DˆGll is given by
σ2
Gˆll,m
=
ζ2Gll,m∑L
i=1(ζGli,m + ImζUli,m) + 1/p0
. (12)
2) Pilot sequence design-2 (PSD-2): In PSD-2, the PUs
and SUs located within the same lth cell are assigned with
mutually orthogonal pilot sequences; ΦPiΦ
H
Si
= 0K×M and
Q = 0. Moreover, these pilot sequences are reused for PUs and
SUs located in all L co-channel cells; ΦPl = ΦP and ΦSl =
ΦS , where l ∈ {1, · · · , L}. The pilot sequence length of PSD-
2 is denoted by τ2 which satisfies τ2 ≥ M + K, and hence,
this represents a trade-off between the pilot contamination and
the number of simultaneously served PUs/SUs. Thus, Fˆll is
not contaminated by the pilots transmitted by the SUs in any
of the L cells. Similarly, Gˆll is not contaminated by the pilots
transmitted by the PUs in any of the L cells. Thus, the MMSE
estimates of Fll and Gll for PSD-2 can be derived as [24]
Fˆll =
(
L∑
i=1
Fli+
NFll√
p0
)(
L∑
i=1
DFli+
IK
p0
)−1
DFll ,
Gˆll =
(
L∑
i=1
Gli+
NGll√
p0
)(
L∑
i=1
DGli+
IM
p0
)−1
DGll , (13)
where p0 = τ2PU , Fˆll and Gˆll are mutually independent of
their estimation error matrices EFll and EGll due to the MMSE
property and their Gaussianity. Hence, the variances of the
kth diagonal element in Fˆll distribution and the mth diagonal
element in Gˆll distribution are
σ2
Fˆll,k
=
ζ2Fll,k
L∑
i=1
ζFli,k+1/p0
and σ2
Gˆll,m
=
ζ2Gll,m
L∑
i=1
ζGli,m+1/p0
. (14)
C. Signal model
In this section, the signal models for the primary and
secondary systems are presented.
1) Signal model for the primary system: The signal re-
ceived at the lth cell PBS after applying the ZF2 detector can
be written as
yPl=
√
PPWˆ
T
PllFllxPl︸ ︷︷ ︸
desired signal
+
L∑
i=1,i 6=l
√
PPWˆ
T
PllFlixPi︸ ︷︷ ︸
inter-cell PU CCI
+
√
PSWˆ
T
PllVllxSl︸ ︷︷ ︸
intra-cell SU CCI
+
L∑
i=1,i 6=l
√
PSWˆ
T
PllVlixSi︸ ︷︷ ︸
inter-cell SU CCI
+ WˆTPllnPl︸ ︷︷ ︸
AWGN
, (15)
where PP and PS are the user transmit powers of the PUs and
SUs in the lth cell, respectively, for l ∈ {1, · · · , L}. Moreover,
xPl and xSl are the transmit signal vectors of the PUs and SUs
in the lth cell, respectively, satisfying E
[
xPlx
H
Pl
]
= IK and
E
[
xSlx
H
Sl
]
= IM . In (15), the AWGN satisfies E
[
nPln
H
Pl
]
=
INP σ
2
P , and Wˆ
T
Pll
is the ZF detector at the lth cell PBS and
is defined as
WˆTPll = (Fˆ
H
ll Fˆll)
−1FˆHll . (16)
2ZF detector performs better than matched-filter detector in terms of inter-
pair interference mitigation in finite BS antenna regime with imperfect [3].
52) Signal model for secondary system: The signal received
at the lth cell SBS after applying the ZF detector is given by
ySl =
√
PSWˆ
T
SllGllxSl︸ ︷︷ ︸
desired signal
+
L∑
i=1,i 6=l
√
PSWˆ
T
SllGlixSi︸ ︷︷ ︸
inter-cell SU CCI
+
√
PPWˆ
T
SllUllxPl︸ ︷︷ ︸
intra-cell PU CCI
+
L∑
i=1,i 6=l
√
PPWˆ
T
SllUlixPi︸ ︷︷ ︸
inter-cell PU CCI
+WˆTSllnSl︸ ︷︷ ︸
AWGN
, (17)
where WˆTSll is the ZF detector at the SBS in the lth cell and
is defined as
WˆTSll = (Gˆ
H
ll Gˆll)
−1GˆHll . (18)
In (17), the AWGN satisfies E
[
nSln
H
Sl
]
= INSσ
2
S .
Remark 1: The system model presented in Section II-A can
be readily extended to investigate MIMO-enabled PUs/SUs
for boosting the achievable UL rates [25]. However, the UL
pilot sequence length linearly increases with the number of
antennas at the PUs/SUs.
III. SECONDARY TRANSMIT POWER CONSTRAINTS
According the cognitive underlay spectrum sharing concept
[10], the transmit power of the SUs (PS) in the lth cell is
constrained to maintain the intra-cell CCI inflicted at the PBS
due to concurrent secondary transmissions in the same cell as3
PS = min
PSmax , IP
E
[
Tr
(
WˆTPllVllV
H
ll Wˆ
∗
Pl
)]
 , (19)
where PSmax is the maximum SU transmit power and IP is the
PIT, which is the maximum interference level that the PBS can
endure without hindering its performance. The transmit power
constraint in (19) is designed by only considering the same
cell secondary CCI. However, under a cooperative secondary
system, a more stringent transmit power constraint on the
secondary transmissions can be defined by considering the
both inter-cell and intra-cell secondary CCI as
PS = min
PSmax , IPL∑
i=1
E
[
Tr
(
WˆTPllVliV
H
li Wˆ
∗
Pl
)]
 . (20)
A. Secondary power constraints for finite PBS antenna regime
The transmit power constraints corresponding to PSD-1 and
PSD-2 in the finite PBS antenna regime can be derived by
using (20) as (see Appendix A-A for the derivation)
PS= min (PSmax , IP /Z) , (21)
where Z ∈ {ZPSD−1, ZPSD−2} depends on PSD-1 and PSD-
2 in Section II-B1 and Section II-B2, respectively, and can be
defined as follows:
3The SUs do not have access to instantaneous downlink CSI since no
downlink pilots are sent for estimating channels at the SUs. Thus, the
secondary transmit power constraint at the SUs is designed based on the
statistical CSI.
ZPSD−1=
L∑
i=1
Tr
(
D−1FllD
2
VliD
−1
Fll
)
+
L∑
i=1
Tr
(
Dˆ−1Fll
)
NP −K Tr
(
DVli−DVliD−1FliDˆFliD
−1
Fli
DVli
)
, (22)
ZPSD−2 =
Tr
(
Dˆ−1Fll
)
NP −K
L∑
i=1
Tr(DVli) . (23)
Remark 2: The transmit power constraints given in (21)-
(23) depend on IP when the number of PBS antenna is finite
and does not grow without bound with respect to the number
of PUs/SUs. Thus, the secondary system cannot be operated
independent of the primary system in finite PBS antenna
regime.
B. Secondary power constraints for infinite PBS antenna
regime
In this subsection, the transmit power constraints at the SUs
are derived for the case in which the number of PBS antennas
grows without bound with respect to the number of PUs/SUs.
1) Asymptotic transmit power constraint for PSD-1: The
asymptotic transmit power constraint at the SUs for PSD-1
can be derived by letting NP →∞ in (21) as
PS −→
NP→∞
min
PSmax , IPL∑
i=1
[
Tr
(
D−1FllD
2
Vli
D−1Fll
)]
 . (26)
Remark 3: For PSD-1, the asymptotic secondary transmit
power constraint (26) depends on the PIT. Thus, the secondary
system with PSD-1 cannot be operated independent of the
primary system even in the limit of infinitely many PBS
antennas.
2) Asymptotic transmit power constraint for PSD-2: The
asymptotic transmit power constraint in (20) can be derived
for PSD-2 by letting the numbers of antennas at PBS and SBS
grow without bound as follows:
min
NP→∞
PS = PSmax . (27)
Remark 3: For PSD-2, the asymptotic secondary transmit
power constraint (26) becomes independent of the primary in-
terference temperature and approaches the allowed maximum
value. Thus, the secondary system can be operated independent
of the primary system even for the imperfect CSI case with
PSD-2.
IV. ACHIEVABLE SUM RATE DEFINITIONS
In this section, the achievable sum rate definitions for the
primary and secondary system are presented.
A. Achievable sum rate definition for the primary system
In order to capture the joint impact of detection uncertainty,
interference and filtered AWGN, the kth PU data substream
received at the lth cell PBS is written by using (15) as [3]
[yPl ]k =
√
PPE[wˆTPll,k fll,k]xPl,k + n˜Pl,k , (28)
6where the first term accounts for the desired signal component.
The second term represents the effective noise capturing joint
effects of interference arises from detection uncertainty with
imperfect CSI, intra/inter-cell PU/SU CCI and filtered AWGN.
This effective noise term can be defined as [3]
n˜Pl,k =
√
PP
(
wˆTPll,k fll,k − E[wˆTPll,k fll,k]
)
xPl,k︸ ︷︷ ︸
detection uncertainty
+
K∑
j=1,j 6=k
√
PP wˆ
T
Pll,k fll,jxPl,j︸ ︷︷ ︸
Inter-pair PU CCI
+
L∑
i=1,i 6=l
√
PP wˆ
T
Pll,kFlixPi︸ ︷︷ ︸
inter-cell PU CCI
+
L∑
i=1
√
PSwˆ
T
Pll,kVlixSi︸ ︷︷ ︸
intra/inter-cell SU CCI
+ wˆTPll,knPl︸ ︷︷ ︸
filtered AWGN
. (29)
In (28)-(29), wˆPl,k and fll,k are the kth columns of WˆPl and
Fll, respectively. Moreover, xPl,k is the kth element of xPl .
In (28), the desired signal and the effective noise are
uncorrelated. By treating the worst-case uncorrelated additive
noise as independently distributed Gaussian noise having the
same variance, the achievable sum rate of the primary system
in the lth cell can be defined as [3]
R˜Pl = ψPl
K∑
k=1
log2
1 + PP
∣∣∣E[wˆTPll,k fll,k]∣∣∣2
PPVar(wˆTPll,k fll,k) +
∑4
j=1 PIj
, (30)
where ψPl = (τCP − τ1)/τCP for PSD-1, and ψPl = (τCP −
τ2)/τCP for PSD-2. Here, τCP is the coherence interval of
the PU-to-PBS channel, and PIj ’s for j ∈ {1, · · · , 4} can be
defined as
PI1 =
K∑
j=1,j 6=k
PPE
[∣∣∣wˆTPll,k fll,j∣∣∣2] , (31a)
PI2 =
L∑
i=1,i 6=l
PPE
[∥∥∥wˆTPll,kFli∥∥∥2] , (31b)
PI3=
L∑
i=1
PSE
[∥∥∥wˆTPll,kVli∥∥∥2] and P4 = σ2PE [∥∥∥wˆTPll,k∥∥∥2] . (31c)
B. Achievable sum rate definition for the secondary system
By using (17), the mth data substream received at the SBS
in the lth cell can be written as [3]
[ySl ]m =
√
PSE[wˆTSll,mgll,m]xSl,m + n˜Sl,m , (32)
where the effective noise, n˜Sl,m , can be defined as
n˜Sl,m =
√
PS
(
wˆTSll,mgll,m − E[wˆTSll,mgll,m]
)
xSl,m
+
M∑
j=1,j 6=m
√
PSwˆ
T
Sl,mgll,jxSl,j +
L∑
i=1,i 6=l
√
PSwˆ
T
Sl,mGlixSi
+
L∑
i=1
√
PP wˆ
T
Sll,mUlixP + wˆ
T
Sll,mnSl , (33)
where wˆSll,m and gll,m are the mth columns of WˆSll and Gll,
respectively. Furthermore, xSl,m is the mth element of xSl . By
invoking the worst-case Gaussian technique, the achievable
sum rate at the SBS in the lth cell can be derived as
R˜Sl =ψSl
M∑
m=1
log2
1+ PS
∣∣∣E[wˆTSll,mgll,m]∣∣∣2
PSVar(wˆTSll,mgll,m) +
∑4
i=1 PJi
 ,(34)
where ψSl = (τCS − τ1)/τCS for PSD-1, and ψSl = (τCS −
τ2)/τCS for PSD-2. Here, τCS is the coherence interval of the
SU-to-SBS channel. Moreover, PJi ’s for j ∈ {1, · · · , 4} are
given by
PJ1 =
M∑
j=1,j 6=m
PSE
[∣∣∣wˆTSll,mgll,j∣∣∣2] , (35a)
PJ2 =
L∑
i=1,i 6=l
PSE
[∥∥∥wˆTSll,mGli∥∥∥2] , (35b)
PJ3=
L∑
i=1
PPE
[∥∥∥wˆTSll,mUli∥∥∥2] and PJ4 =σ2SE [∥∥∥wˆTSll,m∥∥∥2] .(35c)
V. ACHIEVABLE SUM RATE ANALYSIS FOR IMPERFECT CSI
In this section, the achievable sum rate analysis for pri-
mary/secondary systems is presented for finite and asymptotic
PBS/SBS antenna regimes in the presence of imperfect CSI.
A. Achievable sum rates for finite PBS/SBS antenna regime
In this subsection, the achievable sum rates for primary and
secondary systems are presented for the case in which the
number of PBS/SBS antennas does not grow without bound
with respect to the number PUs/SUs.
1) Achievable sum rate for primary system: For the case
of finitely-many PBS/SBS antennas4, the achievable sum rate
for the primary system in the lth cell can be derived by using
(30) as follows (see Appendix A-B for the derivation):
RPl,k = ψPl
K∑
k=1
log2
(
1 +
PP
∆P
)
, (36)
where ∆P ∈ {∆PSD−1P ,∆PSD−2P } depends on PSD-1 and
PSD-2 described in Section II-B1 and Section II-B2, respec-
tively and can be defined as follows:
∆PSD−1P =
σ2Pl
σ2
Fˆll,k
(NP−K) +
PP
σ2
Fˆll,k
(NP−K)
K∑
j=1
(
ζFll,j−σ2Fˆll,j
)
+
L∑
i=1,i 6=l
PP ζ
−2
Fll,k
ζ2Fli,k
(
1+
1
σ2
Fˆli,k
(NP−K)
K∑
j=1
(
ζFli,j−σ2Fˆli,j
))
+
L∑
i=1
PS
[
ζ−2Fll,kζ
2
Vll,k +
1
σ2
Fˆll,k
(NP −K)Tr(Ai)
]
, (37)
∆PSD−2P =
σ2Pl
σ2
Fˆll,k
(NP−K) +
PP
σ2
Fˆll,k
(NP−K)
K∑
j=1
(
ζFll,j−σ2Fˆll,j
)
+
L∑
i=1,i 6=l
PP ζ
−2
Fll,k
ζ2Fli,k
(
1+
1
σ2
Fˆli,k
(NP −K)
K∑
j=1
(
ζFli,j− σ2Fˆli,j
))
+
L∑
i=1
PS
∑K
j=1 ζVli,j
σ2
Fˆll,k
(NP−K) , (38)
where Ai = DVli −DVliD−1FliDˆFliD−1FliDVli .
4This corresponds to the case in which the number of antennas at PBS/SBS
is not too large with respect to the number of PUs/SUs.
7R¯Pl=ψPl
K∑
k=1
E
log2
1+ PP
∣∣∣wˆTPll,k fll,k∣∣∣2
K∑
j=1,j 6=k
PP
∣∣∣wˆTPll,k fll,j∣∣∣2+ L∑
i=1,i 6=l
PP ‖wˆTPll,kFli‖2+
L∑
i=1
PS‖wˆTPll,kVli‖2+σ2Pl‖wˆTPll,k‖2

 (42)
R¯Sl=ψSl
M∑
m=1
E
log2
1+ PS
∣∣∣wˆTSll,mgll,m∣∣∣2
M∑
j=1,j 6=m
PS
∣∣∣wˆTSl,mgll,j∣∣∣2+ L∑
i=1,i 6=l
PS‖wˆTSl,mGli‖2+
L∑
i=1
PP ‖wˆTSll,mUli‖2+σ2Sl‖wˆTSll,m‖2

 (43)
2) Achievable sum rate for secondary system: For the case
of finitely-many PBS/SBS antennas, the achievable sum rate
for the secondary system in the lth cell can be derived by
using (34) as5
R˜Sl = ψSl
M∑
m=1
log2
(
1 +
PS
∆S
)
, (39)
where ∆S ∈ {∆PSD−1S ,∆PSD−2S } depends on PSD-1 and
PSD-2 described in Section II-B1 and Section II-B2, respec-
tively and can be defined as
∆PSD−1S =
σ2Sl
σ2
Gˆll,m
(NS−M) +
PS
σ2
Gˆll,m
(NS−M)
M∑
j=1
(
ζGll,j−σ2Gˆll,j
)
+
L∑
i=1,i 6=l
PSζ
−2
Gll,m
ζ2Gli,m
(
1+
1
σ2
Gˆli,m
(NS−M)
M∑
j=1
(
ζGli,j−σ2Gˆli,j
))
+
L∑
i=1
PP
[
ζ−2Gll,kζ
2
Ull,k +
1
σ2
Uˆll,k
(NS −M)Tr(Bi)
]
, (40)
∆PSD−2S =
σ2Sl
σ2
Gˆll,m
(NS−M) +
PS
σ2
Gˆll,m
(NS−M)
M∑
j=1
(
ζGll,j−σ2Gˆll,j
)
+
L∑
i=1,i 6=l
PSζ
−2
Gll,m
ζ2Gli,m
(
1+
1
σ2
Gˆli,m
(NS−M)
M∑
j=1
(
ζGli,j−σ2Gˆli,j
))
+
L∑
i=1
PP
∑M
j=1ζUli,j
σ2
Gˆll,m
(NS−M) , (41)
where Bi = DUli −DUliD−1GliDˆGliD−1GliDUli .
Remark 4: The insights that can be obtained via the sum
rate analysis in Section IV can be summarized as follows:
The achievable rates in (36) and (39) capture the detrimental
effects of channel estimation errors, CCI and intra/inter-cell
pilot contamination. For instance, σ2
Fˆll,m
and σ2
Gˆll,m
in (36)
and (39) capture the channel estimation errors. Moreover,
∆PSD−iP and ∆
PSD−i
S , where i ∈ {1, 2}, reveal that CCI and
intra/inter-cell pilot contamination significantly degrades the
achievable rates for PUs and SUs. Hence, simple linear ZF
detectors cannot be used to mitigate CCI in spectrum-sharing
systems with smaller antenna arrays at the PBS and SBS.
In order to assess the accuracy of our analysis via the
worst-case Gaussian technique in Section IV, the achievable
sum rates in (36) and (39) are compared against the ergodic
achievable sum rates of the PBS/SBS computed via a stronger
capacity bound [3, Section 2.3.5]. To this end, the ergodic
achievable sum rates at the PBS and SBS can be defined as
in (42) and (43), respectively, at the top of this page.
5This derivation follows steps similar to those in Appendix A-B and hence
is omitted for the sake of brevity.
Since the channel codes may span several realizations of
the small-scale fading process, the ergodic sum rate is used as
a benchmark for comparison purposes. Thus, in Section VIII,
the accuracy of our closed-form achievable sum rates in (36)
and (39) is investigated by comparing their tightness with the
Monte-Carlo simulations of the ergodic sum rates in (42) and
(43).
B. Asymptotic achievable rate analysis for imperfect CSI
In this subsection, the asymptotic achievable sum rates are
derived when NP and NS grow without bound, while keeping
a fixed ratio β = NP /NS . These asymptotic performance
metrics can readily be derived by letting NP → ∞ or
NS →∞ in the corresponding metric for the finite PBS/SBS
antenna regime, and hence, their derivations are omitted for
the sake of brevity. The pilot transmit power is assumed to be
fixed [26], and the transmit power at PUs and SUs are scaled
as follows: PP = EP /NP and PS = ES/NS , where EP and
ES are constants.
1) Asymptotic achievable sum rate for PSD-1: The asymp-
totic achievable sum rate of the primary system in the lth cell
can be derived by scaling the transmit power as PP = EP /NP
and PS = ES/NS and by letting NP →∞ and NS →∞ in
(36) and (37) as follows:
R∞Pl −→NP ,NS→∞ψPl
K∑
k=1
log2
(
1 +
EP
∆∞,PSD−1Pl
)
, (44)
where ∆∞,PSD−1Pl is given by
∆∞,PSD−1Pl =
σ2Pl
σ2
Fˆll,k
+
L∑
i=1,i 6=l
EP ζ
2
Fli,k
ζ2Fll,k
+ βES
L∑
i=1
ζ2Vli,k
ζ2Fll,k
. (45)
The asymptotic sum rate of the secondary system in the lth
cell can be derived from (39) and (40) as
R∞Sl −→NP ,NS→∞ ψSl
M∑
m=1
log2
(
1+
ESl
∆∞,PSD−1S
)
, (46)
where ∆∞,PSD−1Sl is defined as
∆∞,PSD−1Sl =
σ2Sl
σ2
Gˆll,m
+
L∑
i=1,i 6=l
ESζ
2
Gli,m
ζ2Gll,m
+
EP
β
L∑
i=1
ζUli,m
ζ2Gll,m
. (47)
2) Asymptotic achievable sum rate for PSD-2: Next, by
using (36), the asymptotic achievable sum rate of the PUs in
the lth cell can be derived by scaling the transmit powers as
PP = EP /NP and PS = ES/NS and by letting NP → ∞
and NS →∞ as follows:
R∞Pl −→NP ,NS→∞ ψPl
K∑
k=1
log2
1+ EPσ2Pl
σ2
Fˆll,k
+ EP
L∑
i=1,i 6=l
ζ2
Fli,k
ζ2
Fll,k
 . (48)
8The asymptotic achievable rate for the SUs in the lth cell can
be derived by using (39) as
R∞Sl −→NP ,NS→∞ψSl
M∑
m=1
log2
1+ ESσ2Sl
σ2
Gˆll,m
+ES
L∑
i=1,i 6=l
ζ2
Gli,m
ζ2
Gll,m
. (49)
Remark 4: The important insights obtained through the
aforementioned asymptotic analysis with imperfect CSI can be
summarized as follows: In PSD-1, the same pilot sequences
are reused for PUs and SUs in all L cells. Hence, as per (44)
and (46), the asymptotic achievable sum rates of SUs and
PUs are severely degraded by the both intra-cell and inter-
cell pilot contamination effects. Thus, the achievable rates
yielded by PSD-1 corresponds to the worst-case scenario in
terms of pilot contamination. Nevertheless, in PSD-2, two
orthogonal sets of pilot sequences for allocated for PUs and
SUs in the same cell, and these two pilot sets are then
reused across the L − 1 co-channel cells. Hence, according
to (48) and (49), the detrimental effects of intra-cell pilot
contamination can be completely canceled. Nevertheless, the
inter-cell pilot contamination exists for both PSDs and cannot
be mitigated even in the infinite PBS/SBS antenna regimes.
Moreover, the pilot sequence lengths for PSD-1 and PSD-2
are τ1 ≥ max (K,M) and τ2 ≥M +K, respectively, Hence,
the minimum pilot sequence length of PSD-1 is at least twice
less than that of PSD-2. Consequently, the total number of
PUs/SUs that can be simultaneously served by PSD-1 is higher
than that of PSD-2 although the former yields significantly
higher intra-cell pilot contamination over the latter. Thus, there
is a fundamental trade-off between the achievable sum rates
and the number of PUs/SUs that can be served simultaneously
in the same time-frequency resource block.
VI. UPLINK TRANSMIT POWER CONTROL
Max-min power control has bee shown to be optimal in the
sense of guaranteeing user-fairness in the presence of near-far
effect in the uplink [3]. Moreover, max-min power allocation
problems are polynomial-time solvable [27]. Thus, in this
section, an uplink transmit power policy is investigated for
the secondary and primary systems aiming to achieve max-min
user-fairness. To make power control problem mathematically
tractable and hence to draw design insights, our analysis is
limited to the single-cell (L = 1) case. To this end, the transmit
power allocation coefficients and the achievable common rates
are derived.
A. Uplink transmit power control for PUs/SUs for finite
PBS/SBS antennas
In this subsection, the max-min fairness transmit power
control for the PUs and SUs is investigated. The power
allocation coefficients for the kth PU and the mth SU are
denoted by µk and ηm, where 0 ≤ µk ≤ 1 and 0 ≤ ηm ≤ 1,
respectively. Hence, the transmit power allocations of the
kth PU and the mth SU are given by µkPPk and ηmPSm ,
respectively. Here, PPk and PSm are the available transmit
powers at the kth PU and the mth SU, respectively.
By letting L = 1 in (36) and (39), the SINRs for the kth
PU and the mth SU for the single-cell case are deduced as
γ˜Pn
k
=
µkPPk
∆nPk
and γ˜Sn
k
=
ηmPSm
∆nSm
, (50)
where n ∈ {PSD-1,PSD-2}, respectively. In (50), ∆nPk and
∆nSm are defined as
∆PSD−1Pk =
σ2P
σ2
Fˆk
(NP−K) +
1
σ2
Fˆk
(NP−K)
K∑
j=1
(
ζFj−σ2Fˆj
)
µjPPj
+ ηkPSk
ζ2Vk
ζ2Fk
+
1
σ2
Fˆk
(NP −K)
K∑
j=1
(
ζVk−
ζ2Vk ζˆFk
ζ2Fk
)
ηjPSj , (51a)
∆PSD−2Pk =
σ2P
σ2
Fˆk
(NP−K) +
1
σ2
Fˆk
(NP−K)
K∑
j=1
(
ζFll,j−σ2Fˆll,j
)
µjPPj
+
∑K
j=1 ζVjηjPSj
σ2
Fˆk
(NP−K) , (51b)
∆PSD−1Sm =
σ2S
σ2
Gˆm
(NS−M) +
1
σ2
Gˆm
(NS−M)
M∑
j=1
(
ζGj−σ2Gˆj
)
ηjPSj
+
µmPPmζ
2
Um
ζ2Gm
+
1
σ2
Gˆm
(NS−M)
M∑
j=1
(
ζUm−
ζ2Um ζˆGm
ζ2Gm
)
µjPPj , (51c)
∆PSD−2Sm =
σ2S
σ2
Gˆm
(NS−M) +
1
σ2
Gˆm
(NS−M)
M∑
j=1
(
ζGj−σ2Gˆj
)
ηjPSj
+
∑M
j=1 ζUjµjPPj
σ2
Gˆm
(NS−M) . (51d)
The transmit power allocation problem (OP1) is formulated
such that the PUs achieve predefined SINR thresholds, while
max-min fairness is achieved among the SUs as follows:
OP1 : maximize
ηm
min
m
γ˜Snm , (52a)
subject to C1 : 0 ≤ ηm ≤ 1, ∀m and 0 ≤ µk ≤ 1, ∀k,
subject to C2 : γ˜Pn
k
≥ ΓPn
k
, ∀k, (52b)
subject to C3 : PSnm = min
(
PSmaxm , IP
/
Znm
)
, ∀m, (52c)
where ΓPnk is the predefined SINR threshold for the kth PU.
In (52c), PSmaxm is the maximum available transmit power at
the mth SU, and Znm for n ∈ {PSD-1,PSD-2} is defined as
ZPSD-1m =
(
ζ2Vm
ζ2Fm
+
1
σ2
Fˆm
(NP −K)
K∑
j=1
(
ζVj−
ζ2Vj ζˆFj
ζ2Fj
))
, (53a)
ZPSD-2m =
K∑
j=1
ζVj
/(
σ2Fˆm(NP−K)
)
. (53b)
The third constraint in (52c) is the secondary transmit power
constraint, which depends only on the long-term channel
statistics. Hence, the maximum SU transmit power PSnm can
be determined prior to the power allocation such that (52c)
is satisfied. Then, the transmit power for the mth SU can be
allocated as a fraction of the maximum SU transmit, ηmPSnm ,
as per OP1 in (52a).
The underlying concept of max-min fairness power allo-
cation is to set a lower bound for the SINR targets Γ¯Sn of
all SUs and then search for the largest possible value for the
SINR targets in terms of power allocation coefficients. Hence,
by using (50) and an epigraph form of OP1, the transmit
power allocation problem can be reformulated (OP2) as
OP2 : maximize
ηm
Γ¯Sn , (54a)
subject to C1 : 0 ≤ ηm ≤ 1, ∀m and 0 ≤ µk ≤ 1, ∀k,
subject to C2 : ΓPn
k
∆nPk ≤ µkPPk , ∀k, (54b)
subject to C4 : Γ¯Sn∆nSm ≤ ηmPSm , ∀m, (54c)
9where ∆nPk and ∆
n
Sm
are defined in (51a)-(51b) and (51c)-
(51d), respectively. Here, in (54c), PSm is selected such that
(52c) is satisfied. The objective function in OP2 is a monomial
and the constrains C1, C2 and C4 are posynomials. Hence,
the power allocation problem in OP2 is a geometric program
and can be efficiently solved by using optimization tools such
as CVX - a Matlab software for disciplined convex pro-
gramming [28]. The exact closed-form derivation of optimal
power allocation coefficients, µk and ηk, in (54a) for finitely
many PBS/SBS antennas arrears mathematically intractable
[29]. Hence, the asymptotic power allocation coefficients are
derived when the number of PBS/SBS antennas grows un-
bounded.
B. Uplink transmit power control for PUs/SUs for infinitely
many PBS/SBS antennas
To begin with, when number of antennas at PBS grows
without bound, the asymptotic secondary transmit power con-
straints for PSD-1 and PSD-2 can be defined as
PSnm −→NP→∞min
(
PSmaxm ,
IP
ζ−2Fmζ
2
Vm
)
and PSnm −→NP→∞PSmaxm ,(55)
where n ∈ {PSD-1,PSD-2}. Then, by scaling the PU and
SU transmit power as PPk = EPk/NP and PSm = ESm/NS ,
where EPk and ESm are fixed, the asymptotic SINRs for PSD-
1 and PSD-2 when NP →∞ can be derived as
γ˜Pn
k,∞ =
µkEPk
∆nPk,∞
and γ˜Snm,∞ =
ηmESm
∆nSm,∞
, (56)
where ∆nPk,∞ and ∆
n
Sm,∞ for n ∈ {PSD-1,PSD-2} can be
defined as
∆PSD−1Pk,∞ =
σ2P
σ2
Fˆk
+ ηkβESkζ
−2
Fk
ζ2Vk and ∆
PSD−2
Pk,∞ =
σ2P
σ2
Fˆk
, (57a)
∆PSD−1Sm,∞ =
σ2S
σ2
Gˆm
+
mum
β
EPmζ
−2
Gm
ζ2Um and ∆
PSD−2
Sm,∞ =
σ2S
σ2
Gˆm
, (57b)
where β = NP /NS . It can be observed from (56) and (57a)
that the asymptotic SINR of the kth PU becomes independent
of the transmit powers of the other PUs. In underlay spectrum-
sharing cognitive systems, the PUs are given higher priority
than the SUs. Hence, in order to investigate the worst-case
scenario for the SUs, the maximum available transmit power
is utilized at each PU by letting µk = 1, ∀k. Thereby, a
simple max-min fairness power allocation problem can be
reformulated for the SUs.
1) Transmit power allocation for SUs with PSD-1: In this
subsection, the transmit power control coefficients for the SUs
are derived in closed-from for PSD-1. To this end, by allocat-
ing maximum available transmit powers to the PUs, a max-min
power control problem for the SUs can be reformulated as
OP∞3 :
maximize
ηm
min
m
ηmESm
/(
σ2S
/
σ2Gˆm + EPmζ
−2
Gm
ζ2Um
/
β
)
, (58a)
subject to C1 : 0 ≤ ηm ≤ 1, ∀m, and, (58b)
subject to C2 :EPk
/(
σ2P
/
σ2Fˆk+ηkβESkζ
−2
Fk
ζ2Vk
)
≥ΓPn
k,∞, ∀k, (58c)
where ΓPnk,∞ is the pre-defined SINR threshold for the
kth PU such that ΓPnk,∞ ≤ EPkσ2Fˆk
/
σ2P . By subject-
ing ηi in (58c) and by using (58b), it can be shown
that ηi ≤ min(η¯, 1) for i ∈ {1, · · · ,K}, where η¯ =
min
k
[(
Γ−1Pnk,∞ − σ
2
PE
−1
Pk
/
σ2
Fˆk
)
EPk
/ (
βESkζ
−2
Fk
ζ2Vk
)]
. Then,
in order to achieve max-min fairness among SUs, the SINR
targets of SUs are set to a common SINR, ΓSPSD-1∞ , as follows:
ηmESm
/
θm = ΓSPSD-1∞ . (59a)
where θm = σ2S
/
σ2
Gˆm
+ EPmζ
−2
Gm
ζ2Um
/
β. By using the fact
that 0 ≤ ηm ≤ min(η¯, 1), a maximum for ΓSPSD-1∞ can be
derived as
0 ≤ ηm =E−1SmΓSPSD-1∞ θm ≤ min (η¯, 1), ∀m,
ΓSPSD-1∞ ≤ESm min (η¯, 1)
/
θm, ∀m,
max{ΓSPSD-1∞ }= min (η¯, 1)
/
max
m
(
E−1Smθm
)
, (60)
where ηm can be calculated as
ηm =
E−1Sm
(
σ2S
/
σ2
Gˆm
+ EPmζ
−2
Gm
ζ2Um
/
β
)
min (η¯, 1)
max
m
(
E−1Smσ
2
S
/
σ2
Gˆm
+ E−1SmEPmζ
−2
Gm
ζ2Um
/
β
) , ∀m.(61)
The achievable common achievable rate at the SUs can then
be written as
R∞S −→
NP ,NS→∞
ψS log
1+ min (η¯, 1)
max
m
(
σ2
S
E
Sm
σ2
Gˆm
+
EPmζ
2
Um
ESmζ
2
Gm
β
)
 . (62)
2) Transmit power allocation for SUs with PSD-2: In this
subsection, the transmit power coefficients for SUs with PSD-
2 are derived. As per Remark 3, for PSD-2, the primary and
secondary systems can be operated independent of each other
when NP →∞. This is because the secondary transmit power
constraints and the achievable rates asymptotically become
independent of the PIT when PSD-2 is invoked. Hence,
the transmit power allocation for SUs does not affect the
asymptotic achievable rates of the PUs. By following steps
similar to those in (60), max{ΓSPSD-2∞ } and ηm for PSD-2 can
be derived as
max{ΓSPSD-2∞ }=
1
max
m
(
E−1Smσ
2
S
/
σ2
Gˆm
) , (63a)
ηm =
E−1Smσ
2
S
/
σ2
Gˆm
max
m
(
E−1Smσ
2
S
/
σ2
Gˆm
) . (63b)
The common achievable rate of the SUs for PSD-2 can be
derived as
R∞S −→
NP ,NS→∞
= ψS log
(
1 +
[
max
m
(
E−1Smσ
2
S
/
σ2Gˆm
)]−1)
. (64)
VII. PERFORMANCE ANALYSIS FOR PERFECT CSI
In this section, the performance metrics for the perfect CSI
case are investigated. Thereby, the amounts of performance
degradation due to practical impairments such as channel esti-
mation errors, CCI and pilot contamination can be quantified.
To begin with, the ZF detectors at the PBS and SBS can be
constructed with the availability of the genie-aided perfect CSI
as follows:
WTPll=(F
H
ll Fll)
−1FHll and W
T
Sll
= (GHll Gll)
−1GHll . (65)
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By replacing WTPll and W
T
Sll
with WˆTPll and Wˆ
T
Sll
, respec-
tively, in (20) and (15)-(17), the secondary transmit power
constraints and the achievable rates are derived for the perfect
CSI case can be derived as shown in Table I (see Appendix
B for the derivations).
Remark 5: The design insights, which can be obtained via
our performance analysis for the perfect CSI case in Table
I, can be summarized as follows: The asymptotic secondary
transmit power constraint and the achievable sum rates be-
come independent of the PIT (IP ) when the number of PBS
antennas grows unbounded. Hence, the secondary system can
be operated at its peak transmit power in the asymptotic PBS
antenna regime. This observation reveals that the primary and
secondary systems can be operated independent of each other
in underlay spectrum-sharing mode when the PBS/SBS is
massive MIMO enabled. When the number of antennas at
the PBS/SBS is finite, the secondary power constraints and
other performance metrics dependent on the PIT. Hence, the
primary and secondary systems can no longer be operated
independently. Moreover, in this antenna regime, the inter-
cell and intra-cell CCI cannot be mitigated with simple ZF
detectors even with perfect CSI. Consequently, the achievable
sum rates are degraded by inter-cell and intra-cell CCI in the
finite PBS/SBS antenna regime. Nevertheless, when the PBS
and SBS are equipped with massive MIMO, the detrimental
effects of the intra-cell and inter-cell secondary/primary CCI
can be asymptotically mitigated. These design insights reveal
that massive MIMO techniques can be exploited to operate the
secondary systems in underlay spectrum-sharing mode without
degrading the asymptotic performance of the primary systems.
VIII. NUMERICAL RESULTS
The channels are modeled as independent, quasi-static/block
Rayleigh fading with a coherence interval of 196 symbol
durations, and the pilot sequence length is set to τ = M =
K symbol durations for PSD-1 and τ = 2M = 2K for PSD-
2. The distance vectors between PUs-PBS, SUs-SBS, PUs-
SBS and SUs-PBS are denoted by dF , dG, dU , and dV ,
respectively. All channels are modeled as Rayleigh fading.
Unless otherwise stated, the kth diagonal element of DHll for
H ∈ {F,G,U,V} captures the large-scale fading and can be
modeled as ζHll,p = PLll,p×10ψll,p/10, where PLll,p accounts
for the path-loss, and 10ψll,p/10 captures the shadow fading
effects with ψll,p ∼ N
(
0, 42
)
[30]. The path-loss is modeled
as PLll,p = (dk/d0)−n, where dk is the corresponding distance
between the transmitter-receiver pair, d0 is a close-in refer-
ence distance, and n is the path-loss exponent, respectively.
Moreover, DHli = δHliDHll for i ∈ {1, · · · , L} and i 6= l.
The average transmit SNR is defined as γ¯T = PP /σ2P or
γ¯T = PSmax/σ
2
S , where σ
2
P and σ
2
S are the AWGN variances
at the receivers in PBS and SBS, respectively. The Monte-
Carlo simulations are based on the ergodic achievable sum
rates in (42) and (43).
In Fig. 2 and Fig. 3, the behavior of the SU transmit power
in the underlay spectrum-sharing massive MIMO systems is
observed as functions of the PIT (IP ) and the maximum
secondary transmit power PSmax . In Fig. 2, the secondary
transmit power constraint for PSD-1 is plotted against IP by
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Fig. 3. Transmit power constraint of PSD-2 versus PSmax for β = 2, L =
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dG = dU = dV = 100 ones(1,K) m, n = 2.4 and d0 = 100 m. Hence,
DHll = I, DHli = 0.1DHll , where H ∈ {F,G,U,V}, i ∈ {1, · · · , L}
and i 6= l.
gradually increasing the number of PBS antennas (NP ). The
asymptotic SU power constraint is plotted by using (26), and
the curves corresponding to finite PBS antenna regime are
plotted by using (21). Fig. 2 clearly reveals that the secondary
transmit power constraint linearly increases with IP , and
hence, the secondary system cannot be operated independent
of the primary system even in the asymptotic PBS antenna
regime. This asymptotic constraint can be achieved when NP
grows without bound. Nevertheless, the dependency of the SU
power constraint vanishes as IP increases beyond −30 dBm.
This is because the endurance level at the PBS against the
secondary CCI increases with increasing IP . In Fig. 3, the
secondary power constraint for PSD-2 is plotted against the
maximum available SU transmit power (PSmax ) by gradually
increasing NP . The analytical power constraints are plotted
by using (27) and (21). Fig. 3 reveals that the asymptotic
secondary power constraint increases with PSmax for a fixed
IP = −30 dBm. As per (27), in PSD-2, the secondary power
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TABLE I
PERFORMANCE METRICS FOR THE PERFECT CSI CASE
Perfect CSI analysis Performance metric
Secondary power constraint
(NP is finite)
P¯S = min
PSmax , IP (NP−K)L∑
i=1
Tr
(
DVli
)
Tr
(
D−1
Fll
)

Secondary power constraint
(NP →∞)
min
NP→∞
PS = PSmax
Sum rate for PUs
(NP and NS are finite)
R¯lbPl =
K∑
k=1
log2
1 + PP ζFll,k (NP −K)
σ2P +
L∑
i=1,i 6=l
PPTr(DFli ) +
L∑
i=1
P¯STr(DVli )

Sum rate for SUs
(NP and NS are finite)
R¯lbSl =
M∑
m=1
log2
1 + P¯SζGll,m (NS −M)
σ2S +
L∑
i=1,i 6=l
P¯STr(DGli ) +
L∑
i=1
PPTr(DUli )

Sum rate for PUs
(NP →∞ and NS is finite)
R∞Pl =
K∑
k=1
log2
(
1 + EP ζFll,k/σ
2
P
)
Sum rate for SUs
(NP →∞ and NS is finite)
R¯lbSl =
M∑
m=1
log2
1 + PSmaxζGll,m (NS −M)
σ2S +
L∑
i=1,i 6=l
PSmaxTr(DGli )

Asymptotic sum rate for PUs
(NP →∞ and NS →∞)
R∞Pl =
K∑
k=1
log2
(
1 + EP ζFll,k/σ
2
P
)
Asymptotic sum rate for SUs
(NP →∞ and NS →∞)
R∞Sl =
M∑
m=1
log2
(
1 + ESζGll,m/σ
2
S
)
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Fig. 4. Achievable sum rate of PSD-1 with γ¯T for NS = 20, β = 2,
K = M = 5, σ2P = σ
2
S = 0 dBm, IP = 30 dBm and PSmax = PP = γ¯T .
Moreover, d0 = 100 m, dF = dG = dU = dV = 100 ones(1,K) m,
and hence, DHll = I and DHli = 0.1DHll , where H ∈ {F,G,U,V},
i ∈ {1, · · · , L} and i 6= l.
constraint becomes independent of IP in the asymptotic PBS
antenna regime, and hence, the secondary system can be
operated at the peak transmit power without hindering the
asymptotic PU sum rate limit. However, Fig. 3 shows that the
secondary power constraint saturates when PSmax increases
beyond 0 dBm in the finite PBS antenna regime, and hence,
the SU transmit power can no longer be increased until PSmax .
Monte-Carlo simulations validate our analysis in (26), (27) and
(21).
In Fig. 4, the achievable sum rate of the PUs and SUs for
PSD-1 are plotted for the single-cell and five-cell cases in
order to investigate the detrimental effects of intra/inter-cell
pilot contamination and CCI in the finite PBS/SBS antenna
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Fig. 5. Achievable sum rate with number of PUs/SUs for NS = 20, β =
2, L = 1, IP = 30 dBm and PSmax = PP = γ¯T with d0 = 100 m,
dF = dG = dU = dV = 100 ones(1,K) m. Hence, DHll = I and
DHli = 0.4DHll , where H ∈ {F,G,U,V}, i ∈ {1, · · · , L} and i 6= l.
regime. The analytical sum rate curves of the PUs and SUs are
plotted by using (36) and (39), respectively, and are compared
against the Monte-Carlo simulations of the ergodic sum rates.
Fig. 4 reveals that the inter/intra-cell pilot contamination and
CCI severely degrade the achievable sum rate. For instance,
at an average SNR of 10 dB, about 60.9% sum rate loss is
observed when the number of co-channel cells increases from
L = 1 to L = 5 for both primary and secondary systems.
Since the secondary transmit power is constrained as per (21)
in the finite antenna regime, the achievable sum rate of the PUs
outperforms that of the SUs by 3.09 bits/s/Hz at an average
SNR of 10 dB. Moreover, the achievable sum rate of the
secondary system decreases when the average transmit SNR
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dU = dV = 200 ones(1,K) m , and DHli = 0.1DHll , where H ∈{F,G,U,V}, i ∈ {1, · · · , L} and i 6= l.
grows beyond 15 dB. This is due to enforcement of secondary
transmit power constraints at the SUs for underlay spectrum-
sharing to ensure that the secondary co-channel interference
falls below the PIT. Our analysis is compared against the
Monte-Carlo simulations to validate the fact that the achievable
rates derived via the worst-case Gaussian technique provides
tight lower bounds to the ergodic rates in the useful SNR
regime.
In Fig. 5, the achievable sum rates for PSD-1 and PSD-2
are plotted against the number of PUs/SUs, which is same
as the pilot sequence length (τ ). The analytical curves are
plotted by letting τ = K and τ = 2K for PSD-1 and PSD-2,
respectively, in (36) and (39). Fig. 5 reveals that the number
of PUs/SUs that can be served simultaneously in the same
time-frequency resource block by PSD-2 is substantially less
than that of PSD-1. This is due to the fact that in order to
maintain the orthogonal pilots for the PUs and SUs in the
same-cell, PSD-2 requires twice the pilot sequence length of
PSD-1. Nevertheless, Fig. 5 shows that PSD-2 outperforms
PSD-1 in terms of the achievable sum rate when the number
of PUs/SUs increases until 36/81. For example, when the
M = K = 25, PSD-2 achieves 19.46% and 100.2% sum rate
gains by the primary and secondary systems, respectively, over
that of PSD-1. This is because PSD-2 can mitigate intra-cell
pilot contamination, while the achievable sum rate of PSD-1 is
degraded by both intra-cell and inter-cell pilot contamination.
In Fig. 6, the achievable sum rates of the PUs and SUs
for PSD-1 are plotted against the number of SBS antennas
(NP = βNS) for investigating the detrimental effects of
intra/inter-cell pilot contamination and CCI in the asymptotic
PBS/SBS antenna regime. The asymptotic sum rate curves are
plotted by using (44) and (46), respectively, and are compared
against the Monte-Carlo simulations. Fig. 6 shows that the
intra/inter-cell pilot contamination results in asymptotic sum
rate losses of 13.07 bits/s/Hs and 7.21 bits/s/Hs for primary
and secondary systems, respectively, when the number of co-
channel cells increases from L = 1 to L = 10. Moreover,
the PUs outperforms SUs by 30.42% and 17.7% in terms of
the asymptotic sum rate for L = 1 and L = 10, respectively.
Fig. 6 reveals that the theoretical/asymptotic sum rate limits in
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(44) and (46) can be achieved when the number of PBS/SBS
antennas grows unbounded.
In Fig. 7, the percentage sum rate gain of PSD-2 over
PSD-1 is plotted for the primary system as a function of
the number of co-channel cells (L). This percentage sum rate
gain is defined as
[
(RPSD-1Pl −RPSD-2Pl )/RPSD-1Pl × 100%
]
. The
asymptotic curve is plotted by using (44) and (48), while the
curves corresponding to finite PBS antenna regime is plotted
by using (36). Fig. 7 reveals that the PSD-2 provides the largest
sum rate gain over PSD-1 for the single-cell (L = 1) case. This
is due to the fact that the intra-cell pilot contamination can be
mitigated by using PSD-2, while the achievable rate of PSD-
1 is severely affected by the intra-cell pilot contamination.
Moreover, the sum rates of both PSD-1 and PSD-2 are not
affected by the inter-cell pilot contamination for L = 1
case. Nevertheless, the percentage sum rate gain of PSD-2
gradually decreases when L increases. This is because the
achievable sum rate of PSD-2 gets affected by the inter-cell
pilot contamination for L > 1 cases. Moreover, as L > 6,
PSD-2 provides diminishing gains over PSD-1 as the inter-
cell pilot contamination becomes more dominant sum rate
deteriorating factor.
In Fig. 8, the achievable user rates for PSD-1 is plotted
13
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Fig. 10. The effect of CCI on the achievable sum rate for the perfect CSI case
with EP = 34 dBm, ES = 32 dBm, σ2P = σ
2
S = 5 dBm, IP = 20 dBm,
β = 2, M = 6, K = 10, n = 2.6, d0 = 1 m, dF = dG = 10 m and
dU = dV = 100 m. Hence, DHll = I and DHli = 0.1DHll , where
H ∈ {F,G,U,V}, i ∈ {1, · · · , L} and i 6= l.
against the γ¯T for (i) the equal power allocation and (ii) opti-
mal power allocation with max-min fairness among SUs, while
the predefined SINR thresholds are achieved by PUs. The SUs
are spatially distributed as dG = [110, 120, 170 190] m. The
power allocation coefficients for the optimal power allocation
are computed by solving the geometric program in (54a)-(54c)
by using Matlab CVX. To this end, in Fig. 8, the achievable
SU rates are compared for the equal and optimal power control
policies. The achievable SU rates with the equal power control
depends heavily on the SU spatial location. However, our max-
min fairness power control provides a common achievable
rate for every SU regardless of their spatial locations. In Fig.
9, the achievable PU/SU rates are plotted for PSD-1 with
optimal power control. The SINR thresholds for the PUs are
set as ΓP PSD-1k = [γ¯T , 0.8γ¯T , 0.6γ¯T , 0.4γ¯T ]. Fig. 9 reveals
that the our power control policy achieves the predefined
SINR thresholds for PUs, while ensuring the max-min fairness
among SUs.
In Fig. 10, the achievable sum rate of the PUs and SUs are
plotted against the number of PBS antennas by varying the
number of co-channel interferers (L) for the perfect CSI case.
The asymptotic sum rate curves are plotted by using R∞Pl and
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R∞Sl in Table I, whereas the ergodic sum rate curves are plotted
by using Monte-Carlo simulations. The sum rate curve corre-
sponding to L = 1 only accounts for intra-cell CCI, whereas
the curves pertinent to L = {3, 6, 12} capture effects of both
intra-cell and inter-cell CCI. Fig. 10 reveals that the cumulative
effects of intra-cell and inter-cell interference indeed degrade
the achievable sum rate when the PBS/SBS is equipped with
arbitrarily small amount of antennas. Nevertheless, the sum
rate curves gradually approach the corresponding asymptotic
limits as the number of PBS/SBS antennas grows unbounded
irrespective of L in the presence of perfect CSI. Hence,
both intra-cell and inter-cell interference can asymptotically
be mitigated by exploiting very large antenna arrays at the
PBS/SBS. This observation validates the insights summarized
in Remark 5. Therefore, massive MIMO can be exploited to
operate spectrum sharing secondary systems without degrading
the asymptotic performance of the primary system.
In Fig. 11, the percentage sum rate loss of esti-
mated/imperfect CSI (PSD-1 and PSD-2) over perfect CSI case
is plotted against the average SNR for the primary system.
Fig. 11 shows that this sum rate loss is more dominant in low
SNR regime. Moreover, this sum rate degradation becomes
more severe when the number of co-channel cells increases.
The reason for the kink/dip in sum rate of loss at the average
transmit SNR of 3 dB is due to the fact that the rate loss
decreases gradually with the SNR until 3 dB and then the rate
of decrease of sum rate loss reduces beyond the SNR of 3 dB
due to secondary transmit power constraints.
IX. CONCLUSION
The performance of multi-cell multi-user cognitive massive
MIMO systems with underlay spectrum sharing has been
investigated. The secondary transmit power constraints and the
achievable sum rates have been derived for imperfect/perfect
CSI cases in finite/infinite PBS/SBS antenna regimes. The
cumulative performance losses due imperfect CSI, CCI and
inter/intra-cell pilot contamination have been investigated for
PSDs. The uplink transmit power control based on max-min
user fairness has been investigated. Thereby, the optimal power
allocation coefficients and the optimal common achievable
rate for SUs have been derived. Our analysis for the perfect
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CSI case reveals that the spectrum-sharing secondary system
can be operated independent of the primary system as the
asymptotic performance metrics no longer depend on the
PIT when the number of PBS antennas grows unbounded.
Nevertheless, the aforementioned observation vanishes when
the PU pilot sequences are shared among the SUs and PUs
in the co-channel cells according to the PSD-1. Consequently,
in PSD-1, the achievable rates of PUs/SUs degrade severely
by both intra-cell and inter-cell pilot contamination. However,
the detrimental effects of intra-cell pilot contamination can
be mitigated by using PSD-2. Specifically, in PSD-2, the
secondary power constraint asymptotically becomes indepen-
dent of the PIT. Consequently, the SUs can be operated at
the peak transmit power when the number of PBS antenna
grows unbounded. Hence, a certain fraction of performance
gains promised by the perfect CSI case can also be obtained
via PSD-2. Moreover, the SU power allocation coefficients
depend only on the long-term channel statistics, and hence, the
proposed max-min fairness power control can be implemented
at the SUs, which rely on the channel hardening only. Our
analysis and simulation results reveal that massive MIMO can
be exploited to significantly boost the achievable rates of the
PUs and SUs in cognitive systems with underlay spectrum
sharing.
APPENDIX A
DERIVATIONS FOR THE PERFORMANCE METRICS FOR
IMPERFECT CSI CASE
A. Derivation of the transmit power constraint for the sec-
ondary system:
To begin with, the derivations of the transmit power con-
straints at the SUs for PSD-1 and PSD-2 are outlined. By using
(7), Fˆli can be re-written as
Fˆli = FˆllD
−1
Fll
DFli . (66)
Then, one can show that
WˆTPll =
(
FˆHll Fˆll
)−1
FˆHll
=
(
DFllD
−1
Fli
FˆHli FˆliD
−1
Fli
DFll
)−1
DFllD
−1
Fli
FˆHli
= D−1FllDFli
(
FˆHli Fˆli
)−1
FˆHli = D
−1
Fll
DFliW˜
T
Pli . (67)
For the sake of mathematical manipulations, in the case of
PSD-1, MMSE channel estimation for Vll can be derived from
(4) as follows:
Vˆll=
1√
p0
YPlΦ
H
(
L∑
i=1
(DFli+DVli)+
IK
p0
)−1
DVll
=
(
L∑
i=1
(Fli+Vli)+
NFll√
p0
)(
L∑
i=1
(DFli+DVli)+
IK
p0
)−1
DVll ,(68)
where Φ is the shared pilot sequence among primary and
secondary users. By using (7), (68) and (66), with several
mathematical manipulations, it can be shown that
FˆliD
−1
Fli
= VˆliD
−1
Vli
. (69)
Next, Z appears in the transmit power constraint (20) can be
re-written by using (68) as
Z=E
[
Tr
(
WˆTPllVliV
H
li Wˆ
∗
Pll
)]
=E
[
Tr
(
WˆTPll
(
Vˆli + EHVli
)(
VˆHli + EHVli
)
Wˆ∗Pll
)]
=E
[
Tr
(
WˆTPllVˆliVˆ
H
li Wˆ
∗
Pll
)]
︸ ︷︷ ︸
I1
+E
[
Tr
(
WˆTPllEHVliEHVliWˆ∗Pll
)]
︸ ︷︷ ︸
I2
, (70)
where EVli is the estimation error of Vli. By using (67) and
(69), I1 and I2 can be calculated as
I1 = E
[
Tr
(
WˆTPllVˆliVˆ
H
li Wˆ
∗
Pll
)]
(a)
= E
[
Tr
(
WˆTPllFˆliD
−1
Fli
D2VliD
−1
Fli
FˆHli Wˆ
∗
Pll
)]
(b)
= E
[
Tr
(
D−1FllDFliW˜
T
PliFˆliD
−1
Fli
D2VliD
−1
Fli
FˆHli W˜
∗
PliDFliD
−1
Fll
)]
= Tr
(
D−1FllD
2
VliD
−1
Fll
)
, (71a)
I2 = E
[
Tr
(
WˆTPllEHVliEHVliWˆ∗Pll
)]
= E
[
Tr
(
WˆTPllWˆ
∗
Pll
)]
E
[
Tr
(
EHVliEHVli
)]/
NP
=
Tr
(
Dˆ−1Fll
)
NP −K Tr
(
DVli − DˆVli
)
=
Tr
(
Dˆ−1Fll
)
NP −K Tr
(
DVli −DVliD−1FliDˆFliD
−1
Fli
DVli
)
. (71b)
In (71a), step (a) and (b) are achieved by invoking (69) and
(67), respectively. By substituting (71a) and (71b) into (70),
the transmit power constraint for PSD-1 can be derived as
shown in (21) and (23). Whereas, the transmit power constraint
for PSD-2 can be derived as shown in (21) and (23) by using
the following identity [31]
E
[
Tr
(
WˆTPllVliV
H
li Wˆ
∗
Pl
)]
=
Tr(DVli)Tr(Dˆ
−1
Fll
)
NP −K . (72)
B. Derivation of the achievable rate at the primary system for
PSD-1:
To begin with, the term (WˆTPllFll) in (30) can be expanded
by invoking (16) and (8) as follows:
WˆTPllFll = Wˆ
T
Pll(Fˆll + EFll) = IK + WˆTPllEFll . (73)
Hence, the kth row can be written as
wˆTPll,k fll,k = 1 + wˆ
T
Pll,k
Efll,k , (74)
where Efll,k is the kth column of EFll . Since wˆTPll,k and Efll,k
are uncorrelated and Efll,k is a zero-mean random variable,
E[wˆTPll,kEfll,k ] = 0. Thus, one can show that
E
[
wˆTPll,k fll,k
]
= 1. (75)
The first term of the effective noise in (30), Var(wˆTPll,k fll,k),
can be derived via (74)-(75) as
Var(wˆTPll,k fll,k) = E
[∣∣∣wˆTPll,kEFll,k ∣∣∣2]
= (ζFll,k−σ2Fˆll,k )E
[∥∥wˆPll,k∥∥2]=(ζFll,k−σ2Fˆll,k )E
[(
FˆHll Fˆll
)−1]
k,k
=
ζFll,k − σ2Fˆll,k
σ2
Fˆll,k
K
E[Tr(X−1)] =
ζFll,k − σ2Fˆll,k
σ2
Fˆll,k
(NP −K) , (76)
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where X is a K×K central Wishart matrix with NP degrees
of freedom and covariance matrix IK , where E[Tr(X−1)] =
K/(NP −K) [31]. The computations of the remaining terms
of the effective noise power in (31) can be outlined as follows:
• Computation of PI1 : From (73), wˆ
T
Pll,k
fll,j = wˆ
T
Pll,k
Efll,j
for j 6= k. Since wˆTPll,k and Efll,j are uncorrelated, then
it can be shown that
E
[∣∣∣wˆTPll,k fll,j∣∣∣2]= (ζFll,j − σ2Fˆll,j)E
[(
FˆHll Fˆll
)−1]
k,k
=
ζFll,j − σ2Fˆll,j
σ2
Fˆll,k
(NP −K) . (77)
• Computation of PI2 : By using (67), PI2 in (31b) can be
re-written as
PI2 =
L∑
i=1,i 6=l
PPE
[
wˆTPll,kFliF
H
li wˆ
∗
Pll,k
]
=
L∑
i=1,i 6=l
PPE
[
ζFli,k
ζFll,k
w˜TPli,k
(
Fˆli+EFli
)(
FˆHli +EHFli
)
w˜∗Pli,k
ζFli,k
ζFll,k
]
=
L∑
i=1,i 6=l
PPE
[
ζ2Fli,k
ζ2Fll,k
(
w˜TPli,k FˆliFˆ
H
li w˜
∗
Pli,k+w˜
T
Pli,kEFliEHFliw˜∗Pli,k
)]
=
L∑
i=1,i 6=l
PP ζ
−2
Fll,k
ζ2Fli,k
1 + ∑Kj=1
(
ζFli,j − σ2Fˆli,j
)
σ2
Fˆli,k
(NP −K)
 . (78)
• Computation of PI3 : By using (67) and (69), and follow-
ing steps similar to those used in (71a) and (71b), PI3
can be derived as
PI3 =
L∑
i=1
PSE
[
wˆTPll,kVliV
H
li wˆ
∗
Pll,k
]
=
L∑
i=1
PS
(
ζ−2Fll,kζ
2
Vli,k +
ζˆ−1Fll,k
NP −KTr(Ai)
)
. (79)
where Ai = DVli −DVliD−1FliDˆFliD−1FliDVli .
• Computation of P4: In (31c), similarly P4 obtains as
P4 = σ
2
PE
[
wˆTPll,kwˆ
∗
Pll,k
]
=
σ2P
σ2
Fˆll,k
(NP −K) . (80)
By substituting (75), (76),(77), (78), (79), and (80) into (30),
the achievable sum rate at the lth PBS can be derived as (36).
The achievable sum rate for PSD-2 can be derived by fol-
lowing steps similar to those in (73)-(80). The only difference
is with the computation of PI3 , in which the properties of
uncorrelated random variables, WˆTPll and Vli, can be exploited
to simplify the derivation as follows:
PI3=
L∑
i=1
PSE
[
wˆTPll,kVliV
H
li wˆ
∗
Pll,k
]
=
L∑
i=1
PS
∑K
j=1 ζVli,j
σ2
Fˆll,k
(NP −K) . (81)
APPENDIX B
DERIVATIONS OF THE PERFORMANCE METRICS FOR
PERFECT CSI
A. Derivation for transmit power constraint at the secondary
system:
To begin with, by assuming perfect CSI and by substituting
(65) into (20), the transmit power constraint is re-written as
PS = min
(
PSmax ,
IP∑L
i=1 E[Z]
)
, (82)
where Z for the case of perfect CSI can be written as
E[Z]= Tr
(
E
[(
FHll Fll
)−1(
FHll Vli
)(
VHli Fll
)(
FHll Fll
)−1])
= Tr
(
E
[(
FHll Fll
)−1])
Tr
(
E
[
VliV
H
li
]) /
NP
= Tr
(
D−1Fll
)
Tr(DVli)
/
(NP −K) . (83)
B. Derivation of R¯lbSl when both NP and NS are finite:
To begin with, by substituting (65) into (17), one can readily
show that
wTSll,mgll,m = 1 and
M∑
j=1,j 6=m
wTSll,mgll,j = 0. (84)
By using (15) and (84), the SINR of the kth data substream
at the SBS in the lth cell can be written as
γSl,k =
PS
L∑
i=1,i 6=l
PP
∥∥∥wTSll,mGli∥∥∥2+ L∑
i=1
PP
∥∥∥wTSll,mUli∥∥∥2+σ2Sl∥∥∥wTSll,m∥∥∥2.(85)
Then, the achievable sum rate can be tightly lower bound as
R¯Sl =
M∑
m=1
E
[
log
(
1+γSl,k
)]≥R¯lbSl = M∑
m=1
log
1+ 1
E
[
γ−1Sl,k
]
,(86)
where E
[
γ−1Sl,k
]
can be written from (85) as follows:
E
[
γ−1Sl,k
]
= P−1S
 L∑
i=1,i 6=l
E
[
PS
∥∥∥wTSll,mGli∥∥∥2]
+
L∑
i=1
E
[
PP
∥∥∥wTSll,mUli∥∥∥2]+ σ2SlE[∥∥∥wTSll,m∥∥∥2]
)
. (87)
Next, by using [31], the following identities can be written:
E
[∥∥∥wTSll,mGli∥∥∥2]= Tr(DGli)ζ−1Gll,mNS −M , (88a)
E
[∥∥∥wTSll,kUli∥∥∥2]=Tr(DUli)ζ−1Gll,mNS −M , (88b)
E
[∥∥∥wTSll,m∥∥∥2]= ζ−1Gll,mNS−M . (88c)
By substituting (88b) into (87), (87) can be derived in closed-
form as follows:
E
[
γ−1Sl,k
]
=
(
σ2S +
L∑
i=1,i 6=l
PSTr(DGli) +
L∑
i=1
PPTr(DUli)
)
PSζGll,m(NS −M)
. (89)
By substituting (89) into (86), R¯lbSl can be derived as given in
Table I.
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C. Derivation for the transmit power constraint at the sec-
ondary system when NP →∞:
To begin with, we recall the following results from the random
matrix theory [32]
lim
NP→∞
FHll Fll
NP
= DFll and lim
NP→∞
FliVli
NP
= 0. (90)
In (82), Z can be alternatively written as
Z= Tr
[(
FHll Fll
NP
)−1(
FHll Vli
NP
)(
VHli Fll
NP
)(
FHll Fll
NP
)−1]
. (91)
By letting NP →∞ in (91) and then by invoking (90), it can
be shown that limNP→∞ Z = 0. The transmit power constraint
in (82) approaches PSmax asymptotically as shown in Table I.
D. Derivation forR∞Sl for the asymptotic SBS antenna regime:
By following steps similar to those in (91) and invoking
(90), we have
lim
NS→∞
L∑
i=1,i 6=l
∥∥∥wTSll,mGli∥∥∥2=0, limNS→∞
L∑
i=1
∥∥∥wTSll,mUli∥∥∥2=0,(92a)
lim
NS→∞
∥∥∥wTSll,m∥∥∥2= limNS→∞NSζ−1Gll,m , (92b)
where in deriving (92a), the following asymptotic
results are invoked: limNS→∞G
H
ll Gli
/
NS = 0
limNS→∞G
H
ll Uli
/
NS = 0. By substituting (92a) into
(85), by scaling the transmit powers as PP = EP /NP and
PSmax = ESmax/NS and by letting NP and NS grow without
bound, while having a fixed ratio, the desired asymptotic
SINR can be derived as
lim
NP→∞
γSl,k = ESmaxζGll,m
/
σ2Sl . (93)
Thereby, the desired asymptotic sum rate expression can be
derived as R∞Sl in Table I.
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